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Elastic deformations induced by an electric field in homeotropic nematic layers with finite
anchoring energy were studied numerically. A nematic material possessing flexoelectric
properties and characterized by a positive dielectric anisotropy was considered. The ionic
space charge and the ion transport across the layer were taken into account. The director
orientation, the electric field strength and the ion concentrations were calculated as functions
of the coordinate normal to the layer. The calculations show that the electric field
distribution, which determines the form of the deformations, is influenced by the ionic current
and therefore depends on the ionic content and on the properties of the electrodes. Several
types of deformations were distinguished. When the electrode contacts are well conducting or
when the ionic content is low, the threshold voltage is very close to the value Uy valid for an
insulating nematic. When the electrodes are poorly conducting or blocking at high ion
concentration, the threshold voltage decreases much below U;. At moderate ion concentra-
tions, i.e. between 10" and 10°°m 3, two different behaviours were found depending on the
sign of the sum of flexoelectric coefficients e;1+e33. In the case of e;1+e33<<0, the threshold
voltage decreases with the ionic content; in the case of e;;+e33>>0, the deformations occur in
two separate voltage regimes. They arise above a certain threshold voltage, disappear at some
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higher voltage and reappear at an even higher threshold.

1. Introduction

Electric field induced deformations of nematic liquid
crystal layers may arise due to dielectric anisotropy or
to flexoelectric properties of the liquid crystalline
material. However, if the nematic with positive dielec-
tric anisotropy, Ae>0, is confined between parallel
electrode plates and if its alignment is perfectly home-
otropic, the dielectric properties give rise to a torque
which quenches the deformations. (The same concerns
the perfectly planar layer if A¢<<0.) Therefore the arising
deformations have purely flexoelectric nature. They
may be initiated by the surface flexoelectric torques (if
the anchoring strength is sufficiently low) or by the bulk
flexoelectric torque (if electric field gradients arise due
to the ionic space charge).

A weakly anchored homeotropic layer of nematic
liquid crystal with a positive dielectric anisotropy and
flexoelectric properties determined by the negative sum
of flexoelectric coefficients e;;+e33<0 was considered in
an earlier paper [1]. Ion transport across the layer was
excluded since perfectly blocking electrodes were
assumed. In the present paper, we report the results of

*Corresponding author. Email: gderfel@p.lodz.pl

numerical calculations for a similar system with the
same set of parameters as was used in [1], however we
take into account the flow of the ionic current. Our aim
is to determine the role of ionic transport in flexoelectric
deformations. Such a role was also studied in [2] and [3],
for somewhat different systems in which the negative
dielectric anisotropy favoured deformations.

In the case of a perfectly insulating nematic, flexo-
electric deformations of the layer are possible if the
inequality

(811+€33)2>k3380As (1)

is satisfied [4]. They have threshold character with the
threshold voltage Uy given by the formula

Ut
coth (n ?C) =
) ) (2)
wd U, { (nk33 Uf> (Uc(en +e33)> - 1] _1}
27Ck33 Uf wd Uc TCk33
where U, = n[k33/(so|As|)]%, W is the anchoring strength,
k33 is the bend elastic constant and d is the thickness of

the layer. Close to the threshold the director profiles
described by the angle between the distorted director
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and its initial orientation, 6(z) (where z is the coordinate
perpendicular to the layer), are expressed by the
combination of sinh (t{U/U,) and cosh (r{ U/ U.,).

The ions that are usually present in the liquid crystal
material have an important influence on the electric
field distribution within the sample and therefore affect
the field-induced deformations. This influence was
demonstrated by our earlier calculations [1] performed
for a layer confined between perfectly blocking electro-
des, which excluded current flow in the external circuit.
The threshold voltage decreased significantly when the
ion concentration was sufficiently high. This decrease
was attributed to the strong and highly inhomogeneous
electric field which arose in the vicinity of the electrodes
under these circumstances.

In a more realistic case considered in the present
paper, we admit the flow of the ionic current, based on
the weak electrolyte model for a nematic in the bulk [5].
We consider various properties of the -electrode
contacts, from strongly blocking to well conducting.
For this purpose, we apply the same simplified model
for electrical phenomena taking place at the nematic—
electrode interface that was adopted earlier [2, 3].

The form of deformations is determined by the
electric field distribution, which is influenced by the
ionic space charge. The spatial distribution of ions is in
turn dependent on the properties of the electrodes and
on the electrical properties of the nematic, in particular
on the ionic mobilities. Therefore the transport of ions
plays a crucial role in the deformations. Our aim is to
study the formation of deformations at various ionic
contents and for various types of electrode contact.

The calculations allowed us to determine director
profiles, electric field distributions and ion concentra-
tions within the layer as well as the threshold voltages
U~; the main results are as follows. When the electrodes
are well conducting or when the ionic content is low, the
threshold is practically independent of ion concentra-
tion. In the case of a negative sum of the flexoelectric
coefficients, the threshold voltage decreases strongly
with the average ion concentration when the electrodes
have pronounced blocking character, whereas it
remains practically constant and close to Uy when the
electrode—nematic contacts are well conducting. In the
case of a positive sum of flexoelectric coefficients, an
unusual behaviour was predicted. When the electrodes
are poorly conducting and the ion concentration ranges
between 10" and 10> m ™3, deformations are induced in
two separate voltage regimes: the deformations arise at
a certain low threshold voltage, disappear at some
higher voltage and reappear at even higher threshold.

In §2, the parameters of the system under con-
sideration are given. In §3, the results of calculations

are presented separately for ej;+e33<<0 and for
er1+e3>0; §4 is devoted to their discussion and briefly
summarizes the results of the present work and of [2]
and [3].

2. Method: geometry and parameters

The material and layer parameters were similar to those
used in our previous papers [1-3]. A nematic liquid
crystal layer of thickness d=20pm was confined
between two infinite plates parallel to the xy-plane of
the Cartesian coordinate system. They were positioned
at z= +d/2, and played the role of electrodes. A voltage
U was applied between them; the lower electrode
(z=—d/2) was earthed. Homeotropic alignment was
assumed. The anchoring strength W was identical on
both surfaces and was equal to 107> Jm™2. The director
n was parallel to the xz-plane, its orientation described
by the angle 0(z), measured between n and the z-axis.
The model substance was characterized by the elastic
constants k;;=6.2x 10" >N and k33=8.6x 10" 1>N.
Positive dielectric anisotropy Ae=2 was adopted with
the dielectric constant components ¢;,=7.4 and ¢, =5.4.
The flexoelectric properties were expressed by the sum
of flexoelectric coefficients e;;+e33 (separate values of
ey1 and ez3 are not essential in the geometry considered
[4]). Their absolute magnitude was equal to
40x 10" ">Cm™ . Both signs of ej;+e33 were taken into
account.

The transport of ions under the action of an electric
field was characterized by their mobility and diffusion
coefficients. It was assumed that the mobility of cations
was much smaller than that of anions. The values used
in calculations corresponded to typical results of
mobility measurements in various liquid crystals:
W =15%x107°  u, =1x10"°,  p =1.5x10"1°,
pit=1x10"""m?>V~'s™! and reflected a typical ani-
sotropy of mobility, ie. u" / uT =1.5. The Einstein
relation was assumed for the diffusion constants:
D = (ksT/q)ui,, where ¢ denotes the absolute value
of the ionic charge, kg is the Boltzmann constant and 7'
is the absolute temperature. The weak electrolyte model
[5] was adopted in which the ion concentration was
determined from the generation and recombination
constants. The generation constant [ was varied
between 10'® and 10**m s~ ! in order to control the
ion content. The recombination constant o« was equal to
3.8x 10" m?s™!. The resulting average ion concentra-
tion N,,, defined as

| a2
No=3gd | Wr@+N @=L @)
—d)2
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where N*(z) denote the concentrations of ions of
corresponding sign, ranged from 10'7 to 5x 10*°m 3.

The electrode properties were described in terms of our
model which has already been presented in detail [2, 3]. It
is based on a general concept of electrode reactions,
which are governed by the energy barriers ¢ arising
between the liquid crystal and the electrodes. They are
due to differences between the work function of the
electrode and affinity of the electron to the molecule, as
well as between the ionization energy of the molecule and
the work function of the electrode. The height of a barrier
¢ plays the role of activation energy of a corresponding
electrode process and determines its rate.

The electrode contacts were characterized by the rates
of generation and neutralization of the ions at the
electrodes, and determined by a single parameter K. In
order to illustrate possible essentially distinct beha-
viours of the layer, the calculations were carried out
with several different values of K,: 1077, 1076, 1075,
107% and 10> ms~!. The lowest value corresponds to
strongly blocking contacts whereas the highest value
denotes the well conducting case.

The conductivity of an electrode can be defined as
S=j/E(+1/2), where the electric current density j is
chosen as a measure of the charge exchange on the
electrode. In general, the conductivity S is not constant
for a given electrode. The S values are of the order
1071-1077Q 'm™!, depending on the parameters f
and K,. The calculated electric current density is not
proportional to the electric field strength at the
electrode; proportionality occurs only in the case of
well conducting contacts. The conductivity of the
electrode increases with the parameter K, in a nonlinear
way (approximately S~K.", where #=0.2-0.5) however
there is no exact correlation between both quantities.
The K, value is identical for both anode and cathode,
whereas the surface electric field strengths may differ
(due to asymmetry caused by the difference between
mobilities of anions and cations), E(—1/2)#E(+1/2),
thus giving different values of S. For this reasons, our
model is not equivalent to the approach which uses the
concept of conductivity of electrodes, and we have
therefore not introduced it in this paper.

The problem is considered to be one-dimensional.
The system is described by a set of ten equations|[2,3]
which consists of a torque equation for the bulk, two
torque equations for the boundaries, an electrostatic
equation, two equations of continuity of anion and
cation fluxes in the bulk, and four equations describing
the boundary conditions for ion transfer across the
electrode contacts.

The numerical solutions yielded the director config-
urations, described by the angle 6({), the electric field

strength distributions E({) and the ion concentrations
NZ*(() for various voltages and generation constants f3
(where (=z/d is the reduced coordinate). The results
allowed us to determine the threshold voltages Ut for
the deformations with an accuracy of 0.01 V.

3. Results

All the deformations revealed by the calculated 6(()
functions have threshold character. The threshold
voltage Ut depends on the average ion concentration
as well as on the properties of the electrodes. The
deformations occurring at various average ion concen-
trations and various K, values have different forms; the
corresponding director profiles result from the distribu-
tions of the electric field which are related to the
distributions of ions.

In most cases, ions are separated by an external
voltage and accumulate in the vicinity of the electrodes
of opposite sign. The layer becomes electrically charged
as a whole, since the total number of negative ions is
lower than the number of positive ions. (The lacking
negative charge is placed in the external circuit.) The
difference is c. 25% at low N,, but decreases below 1% at
high concentrations. It is the stronger, the less conduct-
ing are the electrodes. The effect is evidently connected
with the difference between mobilities of anions and
cations; the number of faster ions is smaller than that of
the slower. Additional calculations (partially presented
in [3]) show that when u*=p", the numbers of cations
and of anions are equal to N, and the net charge
vanishes. By contrast, the net charge becomes larger
when u" is decreased with respect to fixed u~. The ion
concentrations in the layer are governed by all the
equations mentioned in §2. They describe complex
phenomena including dissociation, recombination,
transport in the electric field, diffusion, electrode
processes, as well as the electric field distribution. A
qualitative explanation of the considered effect on the
basis of these equations appears to be rather difficult.

3.1. Negative sum of flexoelectric coefficients

3.1.1. Threshold voltage. The results are shown in
figure 1, where Ut(V,y) is plotted for five values of K,
and for the perfectly blocking case. For very low ion
concentrations (10'"m™?), the threshold is practically
equal to the value Up=7.23 V obtained from the formula
valid for an insulating nematic, equation(2). The
properties of the electrode contacts are negligible in
this case. Their role becomes important if the ion
concentration increases.

In the case of well conducting electrodes,
K,=10"3ms', the threshold voltage weakly depends
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Figure 1. Threshold voltage Uy as a function of average ion
concentration N,,, for five values of K, indicated at each curve
(in ms™ ") and for perfectly blocking electrodes (thin line);
e11+e33<0. The dashed line represents the threshold
Up=7.23V.

on N, (curve 1). It is close to Uy at low ionic contents,
reaches a minimum value of 6.4V at moderate
N,=10"m™? and approaches the value U; at high
concentrations.

If the electrode contacts are poorly conducting, the
threshold voltage decreases with N,,. The lower the rate
of the electrode processes K., the stronger is this
reduction, (curves 2-5). The non-monotonic Up(N,y)
dependence can be seen in curves 2 and 3. The
lowest threshold is obtained for the high ion
concentration, N,,=5 x 10*m >, and strongly blocking
electrodes, K,=10""ms™! (curve 5). Its value, Ur=
0.24V, is 30 times lower than U;. This behaviour is
very similar to that found for perfectly blocking
electrodes (curve 6), and corresponds to the results
presented in [1].

3.1.2. Director distributions. Three types of director
distribution can be distinguished. They are shown in
figures 2 and 3 by means of 0({) profiles plotted for
voltages exceeding the threshold by 0.1V.

Type 1. A distribution with director tilt limited to the
neighbourhood of the negative electrode. The director
orientation changes monotonically from maximum
deviation at {(=—1/2 to zero at {=1/2. Distortion of
this form occurs at any type of electrode contact if the
ion concentration is only low or moderate. Examples
are given for K,=10">ms" ' in figure 2 (curves 1 and 2)
and for K,=10""ms ! in figure 3 (curves 1 and 2).
Similar distributions were obtained for K,=10"> and
10*ms™'. They were also observed in the case of
perfectly blocking electrodes [1].

16

14

€11+€33<0

K,=10°ms "
12

10

O/degrees
[os]

0.25 0.5

Figure2. Director orientation angle 0 as a function of the
reduced coordinate { for U=U+0.1V and K,=10 °ms™!;
e11+e33<0. Average ion concentrations (in m~>) and voltages
are as follows. 1: N,,=1.25x10'8, U=6.20; 2: N, =
5.74x10'8, U=3.97; 3: N,,=5.44x10", U=2.88; 4. N,,=
5.28 x 10%, U=2.89.

Type 2. A distribution with rapid decrease of director
deviation in a thin sub-electrode region at the negative
electrode (figure 2; curve 4). In the rest of the layer the
orientation changes monotonically as in the previous
case. This form of distortion appears for poorly
conducting contacts and high ion concentrations.

Type 3. A distribution with rapid changes of
orientation at the electrodes and linear variation of
the angle 0 with { (figure 3, curves 3, 4 and 5). This type
of deformation is seen for strongly blocking contacts,

35

30 €41+e 33<0
25
20

15

0/degrees

10

0.5 -0.25 0 025 0.5
¢

Figure3. Director orientation angle 0 as a function of the
reduced coordinate { for U=U+0.1V and K,=10 "ms™!;
ey1+e33<0. Average ion concentrations (in m~?) and voltages
are as follows. 1: Ny=7.2x 10", U=7.19; 2: N,,=1.85x 10",
U=3.14; 3: N,=7.90x 10", U=0.85; 4: N,,=1.92x10%,
U=0.46; 5: N,y=5.53 x 10%°, U=0.34.
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K,=10""ms~", if the ion concentration is sufficiently
high (N,,>10*"m™3); it starts at a very low threshold
voltage. It was observed in a nematic with negative
dielectric anisotropy confined between strongly block-
ing electrodes [2] as well as in the case of perfectly
blocking contacts for both signs of Ae [1]. These
observations indicate that the sign of A¢ is unimportant
for type 3 distribution.

3.1.3. Ion concentration and electric field strength.
Poorly conducting electrodes. The sub-electrode space
charge density is particularly remarkable when the
electrodes are poorly conducting, K,<10 *ms~!, and if
the average ion concentration is high. Representative
examples are given in figure 4 for K,=10""ms '
Figure 5 shows corresponding distributions of the
electric field. If the ion concentration is sufficiently
low, N,,<10"¥m™3, the field is practically uniform and
equal to Uld (curve 1). At moderate ion concentrations,
Npw=5x10"-10""m™3, an electric field gradient
appears in the bulk and spreads over the prevailing
part of the layer (curve 2). When the ion concentration
is high, the electric field strength in the bulk decreases
much below Uld, while strong sub-surface electric fields
together with high gradients arise at the electrodes
(curves 3 and 4).

Strongly blocking electrodes. The effects mentioned
above are more pronounced if the electrodes are
strongly blocking, which is shown in figure 6 by
the functions |E(()| plotted for K,=10""ms ', The

22

20

log(N* / m™)

18

16 . 1 )
-0.5 -0.25 0 . 0.25 05

{
)

Figure4. Ion concentration as a function of the reduced
coordinate ¢ for K,=10">ms™!; thick lines denote positive
ions, thin lines denote negative ions; e;;+e33<0. Average ion
concentrations (in m °) and voltages are as follows. 1:
Noy=1.67x 10", U=7.17; 2: N,,=574x 10", U=3.97; 3:
Na.y=5.44x 10", U=2.88; 4: N,,=5.28x10%°, U=2.89.
Diamonds (1), circles (2), triangles (3) and squares (4) indicate
concentration values at {=4+1/2.

10
!
8 €11+e33<0 K,=10°ms" [ﬂ
E 6
>
n
= k
= 1
m 4
2
3
2 L
o
O 1 1 1
-0.5 -0.25 0 0.25 0.5

4

Figure5. Electric field strength |E| as a function of the
reduced coordinate { for K,=10""ms™'; e;;+e33<0. Average
ion concentrations (in m~?), voltages and Debye lengths
(in pm) are as follows. 1: N,,=1.67x10Y, U=7.17, Lp=
4.72=0.236d; 2: N,,=5.74x 10", U=3.97, Lr=0.80=0.04d;
3: N,y=5.44x10"", U=2.88, Lp=0.26=0.013d;
4: N,,=5.28x10%°, U=2.89, Lp=0.084=0.0042d. Circles (2),
triangles (3) and squares (4) indicate values of |E(+1/2)|.

concentrations at the surfaces are nearly two orders
of magnitude higher than in the bulk. As a result, a
high and non-uniform electric field arises in the
vicinity of the electrodes. The electric field in the
bulk is significantly reduced to about 0.005U/d due to
the sub-surface sheets of the space charges (figure 6,
curve 4).

’ISH] J]

12 €11te33<0 K,=10"ms"

a Zr

E oo
>
p=)
EG
1
3

-0.5 -0.25 0 ; 0.25 0.5

Figure 6. Electric field strength |E|] as a function of the
reduced coordinate { for K,=10""ms™!; ¢;;+e33<0. Average
jon concentrations (in m>), voltages and Debye lengths
(in pm) are as follows. 1: N,,=7.2x10"7, U=7.18, Lp=
2.3=0.135d; 2: N,,=1.85x 10'°, U=3.14; L=0.448=0.0224d;
3: N,w=7.90x10"", U=0.85, Lp=0.22=0.011d; 4:
Naow=35.53x10%, U=0.34, Lp=0.082=0.0041d. Circles (2),
triangles (3) and squares (4) indicate values of |E(+ 1/2)|.
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Figure7. Ion concentrations as functions of the reduced
coordinate { for K,=10"3ms™!; e;1+e33<<0. Thick lines denote
positive ions, thin lines denote negative ions. Average ion
concentrations (in m°) and voltages are as follows. 1:
Noy=527x10"", U=723; 2: N,,=1.66x10", U=6.52; 3:
Naw=5.27x 10%°, U=6.98.

Well conducting electrodes. In the case of well
conducting contacts, K,=10">ms"!, the concentration
of positive ions is slightly enhanced at the positive
electrode and slightly lowered at the negative electrode
(figure 7). The electric field is uniform when the ionic
content is low (figure 8, curve 1). In the case of high ion
concentration, the field at the negative electrode is
somewhat higher than in the bulk, (curves 2 and 3).

5
- 4 ;C\ 1
S
>
Iy]
S 3 2
W
2r €11+ 33<0 K,=10%ms”
1 F
0 1 1 1
-0.5 -0.25 0 ¢ 0.25 0.5

Figure8. Electric field strength |E| as a function of the
reduced coordinate { for K,=10">ms™'; e;1+e33<0. Average
jon concentrations (in m~°) and voltages are as follows. I:
Now=5.27x10"7, U=7.23; 2: Nu=1.66x10", U=6.52; 3:
Nay=5.27x10%, U=6.98.

10°
12 F  eqtes>0
4
9 }
>
~
6 |
3}
0 L L
17 18 19 20 21

log(N ,, / m®)

Figure9. Threshold voltage as a function of average ion
concentration N,,, for six values of K, indicated at each
curve (in ms™Y); e;,+e33>0. The dashed line represents the
threshold for a perfectly insulating nematic, Uy=7.23 V. The
thin oblique line corresponds to data presented in figure 2 for
K,=10"°ms™!; circles indicate the threshold voltages for a
nematic with fo=10*'m3s~".

3.2. Positive sum of flexoelectric coefficients

3.2.1. Threshold voltage. The results are shown in
figure 9, where Ur(N,,) is plotted for five values of K..
At very low ion concentrations (10'”m ™), the threshold
is practically equal to the value U;=7.23 V. As previously,
the properties of the electrode contacts are negligible.
They become important at higher ion concentration.

In the case of well conducting -electrodes
(K;=10"*ms™ '), the threshold voltage weakly depends
on N,, and also remains close to U (curve 1). Three
distinct phenomena can be noted:

(a) The threshold voltage reaches a maximum at
N,,=10'°m 2. The maximum reaches ¢. 12V for
K,=10 *ms™ !, whereas it only slightly exceeds
U; for K,=10"" and 10 >ms™ .

(b) The threshold voltage decreases significantly at
high ion concentrations, N,,=>10?°m>. Its value
depends on the electrode properties. It is close to
Uz for K,=10 *ms™~! (curve 2) and decreases to
several tenths of a volt for strongly blocking
contacts, K,=10""ms™ ! (curve 5).

(c) At ion concentrations between 10'° and 10°°m™
and for K,<10 °ms” !, the deformations are
induced in two separate voltage ranges (curves 4,
5, 6). The lower range has a finite width, the
upper spreads above a critical voltage. Such
behaviour is illustrated in figure 10, where the
optical phase difference between the ordinary
and extraordinary rays, A® (calculated for A=
632.8nm), is used as a quantity indicating the

3
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Figure 10. Optical phase retardation A® as a function of the
bias voltage U; [fole21 m s L K=10"%ms™!; e +e33>0.

occurrence of deformation. It is plotted as a
function of applied voltage for fo=10*"m s~ !
and K,.=10 °ms~!. (The data correspond to the
thin oblique line plotted in figure 9.) It is evident
that the deformations appear at a certain threshold
voltage, disappear at some higher voltage and
reappear at an upper threshold (1.79, 3.54 and
9.57V, respectively). The deformations occurring
in these two regions have different forms
described in the next section.

3.2.2. Director distributions. One can distinguish four
types of deformation. They are exemplified in figure 11

24

20 f

16 |

12

0 / degrees

-0.5 -0.25 0 0.25 0.5

Figure11. Director orientation angle 0 as a function of
the reduced coordinate { for K,=10"'ms~ ' (thick lines) and
K,=10"%ms™! (thin lines). Average ion concentrations (in
m %) and voltages are as follows. 1: Npy=5.16 x 10'%, U=7.41;
la: N,y =2.60 x 10'°, U=10; 2: N,,=2.31x10'°, U=2.65; 2a:
Now=2.27x10", U=2.5; 3: N,,=7.57x10Y, U=0.72; 4:
Nay=4.11x 10", U=3.6.

by means of 6({) profiles and have the following main
features:

Type 4. Deformation is limited to the positive half of
the layer. The angle 0 increases monotonically with { to
the largest value at {=1/2, (figure 11, curves 1 and la).
Deformations of type 4 arise at any ion concentration if
K.=10"*ms™!. Type 4 occurs also if two voltage
regimes exist; in such a case it arises above the upper
threshold. This type of director distribution is analo-
gous to the type 1 described above for e;+e33<0.

Type 5. Director distortion reaches a maximum in the
negative half of the layer (figure 11, curves 2 and 2a).
Almost linear variation with the z-coordinate takes
place in the positive half. Type 5 arises in the lower
voltage range.

Type 6. Director deviation from the layer normal
increases rapidly in the close vicinity of the negative
electrode and reaches a maximum. In the remaining
part of the layer, the angle 6 decreases linearly with { to
a very low value at {=1/2 (figure 11, curve 3). Type 6
appears at high ion concentrations above a strongly
reduced threshold in the case of strongly blocking
electrodes. It corresponds to type 3 described in §3.1.2
for e11+e33<0 and was observed also in [3].

Type 7. The director distribution is intermediate
between types 4 and 5. The maximum distortion in the
left half of the layer is lower and the deformation at
{=1/2 is stronger than in the case of type 5 (figure 11,
curve 4). Type 7 can be found above the upper threshold
when the gap between the two voltage ranges is very
narrow, or at the ion concentration for which the two
ranges merge.

3.2.3. Electric field strength. In this section, the electric
field strength distributions corresponding to the director
profiles mentioned above are described. They are plotted
in figure 12 as functions of reduced coordinate { for
strongly blocking electrodes, i.e. K;=10""ms ' In the
case of low ion contents, N,,=10'®m ™3, the electric field
strength is almost uniform and close to Ugd, (curve 1).
The subsurface fields are relatively low. The resulting
deformation is of type 4. Deformation of type 5,
occurring in the lower voltage regime for moderate ion
concentrations, N,,=10""-10**m ™3, is induced by the
field illustrated by curve 2. The subsurface fields reach
much higher values than Ugd, and large field gradients
arise in the subsurface regions. The electric field strength
in the bulk also depends on (. The bulk field gradient has
its origin in the difference between mobilities of positive
and negative ions [3] and is practically limited to the
negative half of the layer. A qualitatively similar form of
the electric field distribution but of larger magnitude
(curve 4) corresponds to the deformation of intermediate
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Figure 12. Electric field strength |E| as a function of the
reduced coordinate { for K,=10""ms™!; e;1+e33>0. Average
ion concentrations (in m~°) and voltages are as follows. 1:
Naw=5.16x 10", U=7.41; 2: N,,=231x10", U=2.65; 3:
Now=7.5Tx 10", U=0.72; 4: N,,=4.11x10"°, U=3.6.
Diamonds (1), triangles (2), squares (3) and circles (4) indicate
the values of |E(+ 1/2)|.

type 7. In the case of high ion concentrations,
Now>10"m 3, the electric field in the bulk is much
lower than Ufd and practically uniform (curve 3). The
subsurface fields are significantly higher. The field
gradients are limited to subsurface regions, and such an
electric field induces the type 6 deformation.

Figure 13 shows the electric field distribution for four
voltage values chosen from the lower voltage regime

05 025 0 0.25 05
G

Figure 13. Electric field strength |E| as a function of the
reduced coordinate (; fo=10"'m 3s™ ! K.=10"°ms~!;
e11+e33>0. Average ion concentrations (in m>) and voltages
are as follows. 1: N,,=2.18x10'°, U=1.7 (below the lower
threshold); 2: N,,=2.27x 10'°, U=2.5 (in the lower voltage
regime); 3: N,y=2.49x10", U=6.5 (in the gap between
voltage regimes); 4: N,,=2.60x10', U=10 (in the upper
voltage regime). Diamonds (1), triangles (2), squares (3) and
circles (4) indicate the values of |E(+1/2)|.

(curve 2), from the upper regime (curve 4), from the gap
between them (curve 3) and from the range below the
lower threshold (curve 1). The data presented by curves
2 and 4 correspond to the deformations shown in
figure 11 by means of thin lines 2a and 1a, respectively.
All these field distributions have qualitatively the same
asymmetrical form typical for moderate ion concentra-
tions. A significant bulk electric field gradient exists in
the negative half of the layer. Much greater subsurface
gradients are present at both electrodes together with a
subsurface field of large strength.

4. Discussion

The behaviour of the system under consideration can be
qualitatively interpreted by analysis of the flexoelectric
and dielectric torques exerted on the director. They are
included in the Euler-Lagrange equation which deter-
mines the equilibrium state in the bulk:

2 2
l(kb —1)sin 20 (d@) — (sin® 0+ ky, cos? 0) ng +

2 d¢

1 gAe . (dV>2 leji+ess . d*v
———sin20(— ) + -——=sin20| — | =0
2 ki d¢ 2 ki de?

where ky=kss/k;;, and in the two equations which
determine the boundary conditions for 6({):
1611 +e33 dv

+ ZTsmﬂ)(ilﬂ)d—C

+1/2

do

T [sin® 0( = 1/2) +hy cos? 0(+1/2)] 7 ®)

+1/2
1
— 5ysin20(i 1/2)=0

for {=+1/2, where y= Wdlky,.

The dielectric torque acts in the bulk of the layer and
is always stabilizing. The flexoelectric torque in the bulk
of the layer is proportional to the electric field gradient
dE/AL, i.e. to dV/AE%. When the sum e;+es; is negative
and only the positive angles 0({) occur, this torque is
stabilizing if d?1/d¢><0, whereas it favours the defor-
mation in the opposite case.

The flexoelectric torque at the surfaces is propor-
tional to the electric field strength E(+1/2). It may give
rise to the deformation if the term +[(eq+es3)/
k1 )IAVIA))| 412, in equation(5) is positive. If
e11+e33<0, positive values of dV/d{ result in a destabi-
lizing torque at {=—1/2 and quench the deformation at
(=+1/2.

When the sum ej1+e33 is positive, the reversed
relationships are valid. This means that the bulk torque
is stabilizing if d*V/d¢>>0, whereas it favours the



15: 50 25 January 2011

Downl oaded At:

Flexoelectric deformations of nematic layers 121

deformation in the opposite case. Positive values of d V'/
d{ result in a destabilizing surface torque at {=+1/2 and
quench the deformation at {=-—1/2. Schematic dia-
grams relating the stabilizing and destabilizing actions
of the flexoelectric torques to the electric field distribu-
tion for the case of e1+e33>0 are shown in figure 14.

The magnitudes of each of these five contributions
depend on the number of ions and on their spatial
distributions N ({), since these quantities determine the
electric field strength and its gradient.

The effectiveness of surface torques depends on the
electric field strengths at the surfaces. The effectiveness
of bulk torques depends not only on their absolute
magnitude but also on the thicknesses of the regions in
which they act. The qualitative explanation as to why
the deformation occurs, or why it does not occur, can be
given by analysis of the electric field distribution within
the layer which allows the estimate of contributions of
the various torques. However such an analysis of the
torques can be done only a posteriori. The only

destabilizing
,___a___¥

|E| / a.u.

stabilizing

ellI I+e33 >0

()

stabilizing

destabilizing

G

(b}

destabilizing

stabilizing

|E| / a.u.

stabilizing

e1 I+633 >0

H

destabilizing

4

Figure 14. Two examples of the relationship between electric field distribution and flexoelectric torque for e;;+e33>>0: (a) high ion
concentrations, (b) moderate ion concentrations. The electric field distributions corresponding to regions of stabilizing and
destabilizing torques in the bulk are marked by thick lines, black and grey respectively. Black and grey circles denote the surface
fields inducing the surface stabilizing and destabilizing torques, respectively. Thin lines denote regions where the flexoelectric

torques are negligible.
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predictive way is the numerical solution of the set of ten
equations mentioned in §2.

In nematic liquid crystals containing ions, the
condition (1) is not necessary for the appearance of
flexoelectric deformations. Our additional calculations
show that the distortions also appear when (e +e33)’<
k3zeoAe, only if the electrodes are sufficiently poorly
conducting and the ion concentration is sufficiently
high. The director distributions are of type 1, but the
deformations limited to a rather thin region at the
negative electrode, where a large electric field creats a
suitable destabilizing flexoelectric torque. In the rest of
the layer the dielectric torque quenchs any distortions.
The corresponding threshold markedly exceeds the Uy
value.

The distributions of electric field and of ion
concentration reveal the existence of subsurface layers
in which these quantities change rapidly. They are
particularly pronounced when the electrodes are poorly
conducting (K, <10 °ms~ ') and when the average ion
concentration exceeds 10"°m™>. In such cases, the
subsurface layers are responsible for a drastic decrease
of the electric field strength in the bulk. Since the
sublayers are diffused, their thicknesses cannot be
determined strictly. The estimated thicknesses are about
0.2um; the corresponding Debye screening length,
Lp=(geokpTl /2q2Nav)”2, is somewhat smaller than this
value when the ion contents is high (e.g. Lp=0.084 um
at Npy=5.3 x 10°*m ™). It has comparable magnitude in
the case of moderate ion concentrations (e.g.
Lp=0.26 um at N,,=5.4 x 10" m™%). When the average
ion concentration is low, the Debye length is much
greater than the thickness of the regions of accumulated
charge and is equal to Lp=4.7um at N,,=1.7x
10" m™3, for example. In this case, the bulk electric
field is practically unscreened. Similar values of Lp and
analogous relations with the subsurface layers are
obtained for the case of well conducting contacts.
Other examples of Lp values are given in the captions to
figures 5 and 6. The Debye lengths for the cases
presented in figures 12, 13 and 15 range between 0.2
and 0.8 um according to the moderate ion contents.

4.1. Director distributions

4.1.1. Negative sum of flexoelectric coefficients. First,
the case of poorly conducting electrodes (K,=10""—
10" >ms~ ') is analysed. The highly asymmetric form of
the director distribution (type 1) results mainly from the
surface flexoelectric torque at the negative electrode,
which is destabilizing. The stabilizing dielectric torque
in the bulk, as well as the flexoelectric surface torque at
{=+1/2, quench the deformations in the rest of the
layer. The asymmetry is enhanced by the stabilizing
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Figure 15. Electric field strength |E| as a function of the
reduced coordinate { for U=3.63V and K,=10"*ms!;
e11+e33<0. Average ion concentrations (in m™?) are as follows.
1: NpWw=5.2%10'® (no deformation); 2: N,,=5.2 x 10" (defor-
mation); 3: N,,=52x10* (no deformation). Circles (1),
triangles (2) and squares (3) indicate the values of |E(+ 1/2)|.

flexoelectric torque induced by the -electric field
gradient d|E|/d{<0. At moderate ion concentrations
(Nay~10"" m™3), this gradient spreads over the layer. It
is caused by the asymmetric space charge distributions
and by the difference in total numbers of positive and
negative ions and has its origin in the difference between
uand p.

The type 2 deformation occurring for K,=10 > ms~
is due to the particularly large field gradient arising at
high ion concentration in the neigbourhood of {=—1/2.
The resulting flexoelectric torque rapidly damps the
deformation in this region. The electric field gradient in
the vicinity of the positive electrode yields a torque
which is insufficient to overcome the stabilizing actions
of the dielectric torque and surface flexoelectric torque.

When the electrodes are strongly blocking (K=
107"ms™ ') and the ion concentration is high, the
gradient in the neighbourhood of (=1/2 becomes
significantly increased. The resulting destabilizing flexo-
electric torque, together with the destabilizing surface
torque at {=—1/2, give rise to significant deformations,
which lead to type 3 director distribution. The linear
part of the 6({) plot reflects the smooth change of the
director orientation unaffected by the electric field and
fitted to the orientations imposed by flexoelectric
torques in the subelectrode regions. The effect of the
dielectric torque is rather small since the bias voltage is
low (U<1YV). For this reason, the type 3 distribution
was found for both signs of A¢ [1, 2].

The spatial variation of the electric field in the case of
well conducting electrodes is weak and the resulting

1
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director distributions are of type 1 due to the
destabilizing surface torque at {=—1/2.

There are similarities between the results obtained
here for K,=10""ms ! and the results reported in [1]
where perfectly blocking electrodes were assumed. The
profiles presented in figures 2 and 3 are qualitatively the
same as in figures 7 and 8 of [1]. Some differences may
be due to the processes of generation and recombination
of ions which are taken into account here and were
ignored previously. These phenomena influence the ion
distributions and therefore affect the electric field
distributions.

4.1.2. Positive sum of flexoelectric coefficients. The
type 4 director distributions represented by curves 1 and
la in figure 11 is realized in the almost uniform electric
field existing at low ion contents (figure 12, curve 1), as
well as in the field with significant gradient arising at
moderate ion concentrations (figure 13, curve 3). The
form of the director distribution indicates that the
deformation is induced by the destabilizing surface
torque acting at the boundary plate {=+1/2. It arises if
the electric field |E(1/2)| reaches a sufficient value at
which the surface torque overcomes the stabilizing
effect of the dielectric torque. In particular, the
destabilizing torque due to the field gradient is
overwhelmed by the stabilizing dielectric and surface
flexoelectric torques, and thus no distortions arise in the
negative half of the layer.

The type 5 deformation, appearing in the lower
voltage regime, arises mainly as a result of the
destabilizing flexoelectric torque originating from the
electric field gradient in the vicinity of the negative
electrode.

When the electrodes are strongly blocking
(K;=10""ms ') and the ion concentration is high, type
6 director distribution appears. The electric field
distribution is almost symmetrical with respect to {=0.
The effect of the difference between cation and anion
mobilities is negligible and does not yield a gradient
spreading over the layer. Therefore the deformation
mechanism is independent of the sign of the flexoelectric
coefficients and results in type 6 for e;;+e33>>0 and type
3 for e;1+e33<0. Type 6 deformations arise mainly due
to the subsurface field gradient in the vicinity of {=—1/2
that reaches sufficient magnitude at the very low voltage
U<1V. As the bias voltage is so low, the effect of the
dielectric torque is rather small; therefore the dielectric
anisotropy sign is also unimportant. For this reason,
deformations of this type were observed in our earlier
calculations performed for Ae<<0 [3].

An intermediate type 7 de formation is a result of the
relatively comparable actions of the stabilizing surface

torque at {=-—1/2, destabilizing bulk torque in the
negative half of the layer, stabilizing dielectric and
flexoelectric torques in the neighbourhood of the
positive electrode, and destabilizing surface torque on
{=1/2.

4.2. Threshold voltage

4.2.1. Negative sum of flexoelectric coefficients. For
very low ion concentrations (10'7m™3) there is no
electric field gradient and the deformation is induced
only if the electric field E(—1/2) reaches sufficient
strength, thus determining the threshold value close to
Ur. The same applies to the case of well conducting
electrodes. A shallow minimum of Uy observed for
K,=10>ms™ ! at moderate N,,=10"m3 may be
related to a small gradient d|E[/d{>0 seen in figure 8
(curve 2).

The decrease of threshold voltage found for poorly
conducting electrode contacts and ion concentrations
exceeding ¢. 10" m ™3, may be due to the destabilizing
high electric field £(—1/2) which becomes stronger when
Ny, 1s increased and when K is lowered. The very low
threshold voltage found for high ion concentration and
strongly blocking electrodes may be considered to be a
result of the simultaneous action of two strongly
destabilizing flexoelectric torques: surface torque at
{=—1/2 and bulk torque in the vicinity of {=1/2.

The appearance and decay of deformations following
the increase of ionic content from low to high average
concentration, which is represented by the non mono-
tonic Ut(NV,y) dependence, can be seen, for example, for
K.=10"*ms~! and constant voltage, U=3.63V. This
effect can be interpreted by considering the electric field
distributions for constant voltage at varying ionic
content. In figure 15, we plot the representative field
distributions for U=3.63 V and for three ion concentra-
tions. At low and moderate ion concentrations (e.g.
Naw=5%108m™3, curve 1), the electric field gradient
spreads over the layer. The resulting stabilizing bulk
flexoelectric torque and the stabilizing dielectric torque
prevent a deformation. For higher ion contents
(Nay=5x10"m™3, curve 2), the gradient becomes
limited to a thin region at the negative electrode due
to a significant subsurface charge, and its stabilizing
action is less effective. The electric field £(—1/2) is much
higher, so the destabilizing surface torque at {=—1/2
becomes much stronger than previously. The applied
voltage U=3.63V is therefore sufficient to induce
deformation. However further increase of the ion
concentration (N,,=5 x 10°° m ™) leads to enhancement
of the electric field strength in the prevailing part of the
layer (curve 3). The resulting stabilizing dielectric
torque becomes stronger and quenches the deformation.
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The purely flexoelectric deformations of a conducting
nematic layer with positive dielectric anisotropy can be
compared with the case of negative dielectric anisotropy
in which the layer is dielectrically unstable [2]. For this
purpose we have made additional calculations using the
surface anchoring strength value 2 x 10> Jm ™2, accord-
ing to [2]. The results were qualitatively the same as
described above in §3.1.1. The corresponding values are
about double due to stronger anchoring. The threshold
voltage is close to U;=14.47V at low ion concentration
and decreases with increasing N,, in the same way as
shown in figure 1. This behaviour is different from the
case considered in [2] where the electric field gradient
spreading over the whole layer gave rise to significant
enhancement of Ut much above Uy=3.53V. The high
value of U; found in the present case shows that the
stabilizing dielectric torque is rather strong. Other
stabilizing torques play a minor role. In particular, the
stabilizing flexoelectric torque in the bulk due to
e11+e33<0 does not enhance the threshold above Uy
and thus it is much less important than in [2].

4.2.2. Positive sum of flexoelectric coefficients. In the
case of low N,, or for well conducting electrodes, the
threshold remains close to U, for the same reasons as
mentioned above for e;;+e33<0.

When the electrodes are strongly blocking
(K;=10""ms ') and the ion concentration is high, the
subsurface field gradient in the vicinity of (=-—1/2
reaches sufficient magnitude at very low voltage. In
consequence, the threshold decreases to below 1 V. The
very low threshold voltage found for high ion concen-
tration and strongly blocking electrodes may be
interpreted in the way analogous to the case of
e11+e33<0 and explained as a result of the simultaneous
action of two strongly destabilizing flexoelectric tor-
ques: surface torque at {=+1/2 and bulk torque in the
vicinity of {=—1/2.

In the case of poorly conducting or blocking electrodes
and at moderate average ion concentrations, the deforma-
tions appear in two voltage regimes. The lower threshold
is determined by the voltage at which the destabilizing
flexoelectric torque, originating in the electric field
gradient in the vicinity of the negative electrode, becomes
sufficiently effective, i.e. it reaches sufficient magnitude
and range in the layer. (Below the lower threshold, this
gradient is limited to too narrow a region and induces no
deformation.) With increasing voltage, the dielectric
torque, as well as the stabilizing flexoelectric surface
torque at the boundary {=—1/2, become stronger and
lead to decay of the distortion. The deformation reappears
when the destabilizing surface torque at the boundary
{=+1/2 overcomes the stabilizing torques.

At moderate ion concentration, the upper threshold
exceeds the Ur value. The deformation arises if the
electric field |E(1/2)| reaches a sufficient value at which
the surface torque overcomes the stabilizing effect of the
dielectric torque. For poorly blocking electrodes,
K,=10"°ms™!, a relatively high voltage is necessary.
For strongly blocking contacts, K,=10""ms ! a
sufficiently field high arises at a lower voltage due to
the particularly large charges accumulated at the
boundaries. Therefore the maximum threshold occurs
for K,=10">ms~ !, whereas for K,=10""ms™ ' its value
is close to U;.

5. Final remarks

In the present paper, we consider the example of a
homeotropic layer filled with a nematic material
characterized by positive dielectric anisotropy and
both negative and positive sum of the flexoelectric
coefficients. In previous papers, we studied the
deformations arising in a material with negative
dielectric anisotropy for which ej;+e33<0 [2] and
e11+e33>0 [3]. (Other parameters, as well as the
geometry of the layer under consideration, were
identical with the exception of the anchoring
strength W which was equal to 2x 1073Jm~2. This
difference has no qualitative consequences, which was
confirmed by additional calculations.) The main
results obtained in the considered cases can be
summarized as follows:

(a) Well conducting electrodes. In all four cases, the well
conducting electrodes assure a practically uniform
electric field of strength approximately equal to
Udd. In consequence, the threshold voltage is
almost independent of the ion concentration and
remains close to Uk

(b) Low ion concentrations. In all four cases, the
threshold voltage Ut is close to the U; value
because of the absence of space charges. The
behaviour of the layer is similar to the case of the
perfectly insulating nematic.

(c) High ion concentrations. In all four cases, the
threshold voltage strongly depends on electrode
properties. For strongly blocking electrode con-
tacts, Ut decreases to several tenths of a volt,
because large space charges are accumulated at
the boundaries and induce the deformations at
low voltage.

(d) Moderate ion concentrarions. The main differences
between the considered cases take place in the
range of moderate ion concentrations. They are
most pronounced when the electrode contacts are
poorly conducting (K,<10 *ms™ ).
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In the cases of negative dielectric anisotropy, the
strongest distortion arises in the central part of the layer
as a result of bulk dielectric and flexoelectric torques.
The most essential bulk flexoelectric torque is due to the
electric field gradient resulting from the difference
between anion and cation mobilities, which spreads
over almost the entire layer. If ¢ +e33<<0, this torque is
stabilizing and enhances the threshold voltage Ut
above U If ej1+e33>0, the opposite effect occurs; i.e.
Ur is smaller than Uy since the bulk flexoelectric
torque is destabilizing in this case and favours the
deformations.

In the cases of positive dielectric anisotropy, the bulk
flexoelectric torque due to the field gradient appears to
be negligible, probably due to the stabilizing action of
the dielectric torque. Nevertheless, the difference
between cation and anion mobilities is important, since
it causes an asymmetry of the electric field distribution:
|E(—1/2)| is usually higher than |E(1/2)|. In consequence,

the destabilizing surface flexoelectric torque at {=—1/2,
arising when ej;+e33<0, becomes sufficient for defor-
mation at a lower voltage than for the analogous
surface torque which acts at {=1/2 when e;;+e33>>0.
This asymmetry leads to a decrease of Ut below the Uy
value if e11+e33<0, and causes an increase of Ut above
Ut if ¢ 1+e33=>0.

If ey1+e33>0 and A&e>0, there exist two regimes of
voltage in which the deformations arise, as described in
§3.2.1.
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